Abstract. We obtain upper estimates for the bottom (that is, greatest lower bound) of the essential spectrum of weighted Laplacian operator of a noncompact weighted manifold under assumptions of the volume growth of their geodesic balls and spheres. Furthermore, we find examples where the equality occurs in the estimates obtained. As a consequence, we give estimates for the weighted mean curvature of complete noncompact hypersurfaces into weighted manifolds.
Introduction
The L 2 spectrum of the Laplacian operator, denoted by σ(−∆), has been analyzed and computed for large classes of complete noncompact manifolds. For example, when that manifold has a soul whose exponential map is a diffeomorphism, supposing nonnegative sectional curvature and some other additional conditions under dimension of manifold, Escobar [18] and Escobar and Freire [19] proved that σ(−∆) = σ ess (−∆) = [0, +∞), where σ ess (−∆) denotes the essential spectrum of Laplacian operator. The additional conditions under dimension of M assumed by them were proved to be unnecessary by Zhou [31] . Now, by assuming that the complete noncompact manifold has nonnegative Ricci curvature and Euclidean volume growth, the essential spectrum of the Laplacian operator was proved to be [0, +∞) by Donnelly [15] . It is classical that the essential spectrum of Laplacian operator on compact manifold is empty, and thus, its L 2 spectrum is discrete.
Given that the L 2 spectrum of Laplacian operator for a large class of noncompact manifolds is essential, it becomes important to estimate the bottom (that is, the greatest lower bound) of essential spectrum of −∆ denoted by inf σ ess (−∆). There exists many interesting results on the estimates for inf σ ess (−∆), for instance, [10] , [27] , [28] , [16] , [7] , [8] , [22] , and [24] . The problem of estimating the inf σ ess (−∆) of complete noncompact manifold M under simple geometric assumptions has been intensively studied in the past decades. For example, Donnelly proved in [14] that inf σ ess (−∆) ≤ (n − 1) 2 k/4
when the Ricci curvature is bounded from below by the constant −(n − 1)k, where n = dim M and k ≥ 0. In [7] and [8] r log(V ol(M ) − V ol(B r )). Later, Higuchi [22] improved these Brooks' estimates. essential spectrum of −∆ f was proved to be [0, +∞) by Silvares [29] . Moreover, for a compact weighted manifold with Ric f ≥ λ for constant λ > 0, the L 2 f spectrum of −∆ f is discrete, see [21] .
Let B r be the geodesic ball of M with center in a fixed point o ∈ M and radius r > 0. The weighted volume of B r is given by
and the weighted volume of M is defined by
Manifolds with the Bakry-Émery Ricci curvature bounded below have been studied by many authors in recent years, particularly some interesting weighted volume estimates and splitting theorems, which can be found in [30] and [26] , for example. Some results about estimates of weighted volume can be also seen in [11] and [12] .
The aim of this paper is to give estimates for inf σ ess (−∆ f ) for complete noncompact manifolds in function of the weighted volume growth of their geodesic balls and spheres. Precisely, we have the following theorem.
Theorem 1.1. Let M f be a complete noncompact weighted manifold.
,
, and r is the Euclidian distance to origen.
Remark 1.1. In Theorem 6.2 of [5] , Bessa, Pigola, and Setti gave an upper bounds for inf σ ess (−∆ f ) in terms of the volume growth. Indeed, they show that:
Therefore, Theorem 1.1 gives an improved estimate for inf σ ess (−∆ f ). Now, by supposing f = C been a constant function, we have
Moreover, inf σ ess (−∆ f ) = inf σ ess (−∆) is the bottom of essential spectrum of the Laplacian acting on L 2 (M ). Therefore, as a consequence of Theorem 1.1, it follows:
, Let Ω ⊂ M be a compact domain. The bottom of the spectrum of ∆ f on M \ Ω with the Dirichlet boundary condition on ∂Ω admits the usual variational characterization
where C ∞ c (M \ Ω) denotes the set of the smooth functions u : M \ Ω → R with compact support on M \ Ω. Moreover, it can be seen in Theorem 6.1 of [5] that
where Ω runs over the set of compact domains of M .
Let ∂B r be the geodesic sphere of M with center in a fixed point o ∈ M and radius r > 0.
The weighted volume of ∂B r is given by
where dA is the volume form on ∂B r . Now, we are ready to enunciate the second result of this paper, namely: Theorem 1.2. Let M f be a complete noncompact weighted manifold and let Ω be a compact subset of M . If there exists a positive constant real α such that
Consequently, and r is the Euclidian distance to origen.
with f = αr/2 and ds 2 = dr 2 + g 2 (r)dθ 2 such that g : [0, +∞) → R is a nonnegative smooth function satisfying (1.6); it has finite weighted volume, i.e.,
and hence,
This can be viewed in expression (2.12) of Example 2.1. Now, by supposing f been a constant function, it follows directly from Theorem 1.2 that Corollary 1.2. Let M be a noncompact complete manifold and let Ω be a compact subset of M .
Before beginning to enunciate some applications, we need to introduce some definitions that will be necessary to understand the results.
. The function f : M → R restricted to M induces a weighted measure e −f dσ on M . Thus, we have an induced weighted manifold M n f = (M, , , e −f dσ). The second fundamental form A of x is defined by
where ⊥ symbolizes the projection above the normal bundle of M . The weighted mean curvature vector of M is defined by
with H = trA. The hypersurface M is called f -minimal when its weighted mean curvature vector H f vanishes identically; and when there exists real constant C such that H f = −Cη with η being unit normal vector field, we say the hypersurface M has constant weighted mean curvature.
The operator
is called the f -stability operator of the immersion x and it is associated with the quadratic form
where the supreme is taken over all compact domains Ω ⊂ M. For more details, see [13] .
The following results are applications of the estimates of bottom essential spectrum of weighted Laplacian operator given in Theorem 1.1 and Theorem 1.2.
be an isometric immersion of a complete noncompact manifold M n into an oriented complete weighted manifold M n+1 f with unit normal vector field η. Let
If M has constant weighted mean curvature H f and ind f M < ∞, then
denotes a generalization of the Bakry-Émery Ricci curvature.
As a consequence of the inequality (1.9) of Theorem 1.3, it follows
be an oriented complete weighted manifold with
where k is a fixed constant. Then, there is no complete noncompact f -minimal hypersurface M n immersed into M n+1 f with ind f M < +∞ and satisfying either
It is said that the weighted volume of M has polynomial growth if there exists positive numbers α, C, and R 0 such that
i.e., µ v = 0. Therefore, it follows from Theorem 1.3 the following consequence:
be an isometric immersion of a complete noncompact manifold M n into an oriented complete weighted manifold M 
where m is a positive constant. In particular, if
Observe also that if we assume V ol f (B r ) ≤ Ce αr , then
Therefore, as a consequence of Theorem 1.3, we obtain the following:
be an isometric immersion of a complete noncompact manifold M n into an oriented complete weighted manifold M n+1 f with unit normal vector field η. Assume that the weighted volume of M is infinite and it satisfies V ol f (B r ) ≤ Ce αr for some constant C, α, and r ≥ 0. If M has constant weighted mean curvature H f and ind f M < ∞, then there exists a constant r 0 > 0 such that for all r ≥ r 0 ,
where m is a positive constant. Particularly, if
for some real m > 0, then M is a f -minimal hypersurface. Now, using the estimate of λ 1 (M \ Ω) viewed in Theorem 1.2, we obtain the application:
be an isometric immersion of a complete noncompact manifold M n into an oriented complete weighted manifold M n+1 f with unit normal vector field
If M has constant weighted mean curvature H f and ind f M < ∞, then there exists a constant r 0 > 0 such that for all r ≥ r 0 , 
Particularly, if
for all r ≥ t 0 > 0.
Estimates for the Bottom of Essential Spectrum
Let M f = (M n , , , e −f dσ) be a weighted manifold and let K ⊂ M be a compact set. For a positive number δ > 0, define the set
with ρ(x, ∂K) denoting the distance between x and ∂K. Moreover, consider the amount
where ∂B r is the geodesic sphere of radius r > 0 and center in a fixed point o ∈ M .
Established the above notations, we get the following:
Lemma 2.1. Let M f be a complete noncompact weighted manifold. For any fixed δ > 0, we set
with µ δ (r) defined in (2.1).
Proof. For arbitrary compact domain Ω ⊂ M , let λ f 1 (M \ Ω) be the bottom of the spectrum of ∆ f on M \ Ω. It is well known that
and, see [5] ,
Therefore it suffices to prove the following: for any fixed δ > 0 and compact domain Ω ⊂ M , and for arbitrary sufficiently small ε, ε 1 > 0, there exists a function u with compact support in
where α 2 (ε) → µ 2 δ /4 as ε → 0. Let's establish a test function u(x) = e h j (x) · χ r (x) with compact support in M \ Ω. To this, let o ∈ M be a fixed point and let ρ(x) = ρ(x, o) denote the distance from o to x ∈ M . We define χ r , see Figure 1 , and h j , see Figure 2 , as follows: for r sufficiently large such that Ω ⊂ B r−δ ,
and for a fixed number α ≥ 0, and for a positive integer j,
For u = e h j χ r , we have that ∇u = e h j ∇h j · χ r + e h j ∇χ r 
Note that ∇χ r is supported in A δ (∂B r ) ∪ A δ (∂Ω) and |∇χ r | ≤ 1/δ. In addition, |∇h j | ≤ α.
For j and r sufficiently large such that r > j and h j (x) = αρ(x) for all x ∈ A δ (∂Ω), there exists a real constant C independent of r and j such that
If µ δ ≥ 0, it follows from the definition of µ δ that, for any ε > 0, there exists a sequence {r n } with r n > 2j(2 + µ δ /ε) for every n such that
By choosing α = α(ε) = (µ δ + 2ε)/2, we obtain
for all x ∈ A δ (∂B rn ), and
Therefore, by (2.3), (2.4), (2.5) and (2.6), we can select n and j such that u n = e h j χ rn and
for any ε 1 > 0, where α = (µ δ + 2ε)/2. Now, if µ δ < 0, then, for any ε > 0 satisfying µ δ+ε < 0, there exists a sequence {r n } such that µ δ (r n ) ≤ µ δ + ε. Setting α = 0 and e h j = 1, we havê
Hence, for any ε 1 , we can select n such that
where u n = 1χ rn .
(ii) Now, assume V ol f (M ) < +∞. In this case, −∞ ≤μ δ ≤ 0; we can assume −∞ <μ δ ≤ 0.
It follows from the definition ofμ δ that, for any sufficiently small ε > 0, there exists a sequence
Here, we can assume that this sequence {r n } satisfies r n+1 − r n ≥ δ. Choosing α = α(ε) = −(μ δ − 2ε)/2 and g(x) = e αρ(x) , we obtain
where A(r) = {n; r n + δ ≤ r}; resultinĝ
In the same way as in the case of infinite weighted volume, selecting sufficiently large n and j, we obtain the desired estimate.
Observe that µ δ 1 ≤ µ δ 2 andμ δ 1 ≤μ δ 2 if δ 1 < δ 2 . Thus, there exists the limits
with µ δ defined in (2.2).
Lemma 2.2. Let M f be a complete noncompact weighted manifold. Then
Proof. It follows direct from Lemma 2.1 that inf σ ess (−∆ f ) ≤ µ 2 0 /4 if M f has infinite weighted volume and inf σ ess (−∆ f ) ≤μ 2 0 /4 if M f has finite weighted volume. Now, if V ol f (M ) = +∞ and µ 0 = lim δ→0 µ δ < 0, then there exists δ > 0 such that µ δ < 0. Using Lemma 2.1 (i), we obtain inf σ ess (−∆ f ) = 0. This concludes the proof of this lemma.
We
Introduction.
Proof. of Theorem 1.1 (i) Assume V ol f (M ) = +∞. Recall that
Since µ δ 1 ≤ µ δ 2 whenever δ 1 < δ 2 , then µ 0 = lim δ→0 µ δ (r) satisfies µ 0 ≤ µ δ . For arbitrary fixed δ > 0, we can select r sufficiently large such that
Thus, µ δ ≤ µ v and µ 0 ≤ µ δ ≤ µ v for all δ > 0. If µ 0 ≥ 0, then it follows from Lemma 2.2 that
Moreover, inf σ ess (−∆ f ) = 0 if µ 0 < 0.
(ii) Assume that V ol f (M ) < +∞. Recall that
and
The second inequality of the above expression follows from the inequality
Letμ δ < 0. For any ε > 0 satisfyingμ δ + ε < 0, there exists r 0 such that
for any r ≥ r 0 . Then we get, for any r ≥ r 0 ,
Thus, we have
resulting in −µ w ≤μ δ + ε. Since we can select arbitrary small ε > 0, then −µ w ≤μ δ . Therefore, by (2.7), −µ w =μ δ =μ 0 . Besides on,μ δ = −µ w = 0 ifμ δ = 0. Therefore, |μ 0 | = µ w . This concludes the part (ii).
Let M f = (R n , ds 2 , e −f dσ) with f = r 2 and ds 2 = dr 2 + g 2 (r)dθ 
for any positive function, then
for all r ≥ r 0 > 0. Using Remark 1.3, we have that
Thus, it follows from (2.8) and (1.3), and the first part of Theorem 1.1 that
This concludes the proof of Theorem 1.1.
We are interested in estimating λ
where Ω is an arbitrary compact subset of M . For this, we will look at the oscillatory behaviour of solutions of one second order ordinary differential equation. We will need the following result obtained by Fite (see [20] , Theorem I):
Theorem 2.1 ( [20] ). Assume that q and λ are continuous functions of t ∈ [t 0 , +∞) such that |q(t)| ≤ α and λ(t) ≥ h > 0 for every t ≥ t 0 , where α and h are constants such that 4h − α 2 > 0, then every solution of differential equation (2.9) y + qy + λy = 0 changes sign an infinite number of times, i.e., every solution of (2.9) is oscillatory.
Remark 2.1. The oscillation criteria in the integral form was firstly used by do Carmo and Zhou [9] to obtain estimates of λ 1 (M \Ω) of the Laplacian operator supposing polynomial or exponential growth of volume without weight. Other authors have also used this criterion to estimating the first eigenvalue of other elliptical operators assuming volume conditions, for example, see [6] , [17] , and [23] . In this last reference, Impera and Rimoldi have given an upper estimates of for all r ≥ r 0 > 0. Since, see Corollary 6.4 of [5] ,
Therefore,
for any compact Ω ⊃ B r 0 . Using Remark 1.3, we have that
Thus, it follows from Theorem 1.2 that
Using inequalities (2.11) along with the above inequality and equality (1.3), we conclude that
for any compact Ω ⊃ B r 0 .
Example 2.1. There is a class of complete Riemannian manifolds that satisfies the conditions of Theorem 1.2. In fact, let M n f = (R n , ds 2 , e −f dσ) with weight f = f (r) and a smooth metric ds 2 = dr 2 + g 2 (r)dθ 2 , where dθ 2 denotes the standard metric on (n − 1)-dimensional unit sphere S n−1 1 and g : [0, +∞) → R is a nonnegative smooth function satisfying g(0) = 0, g (0) = 1, and for all r ≥ r 0 .
Estimates for the Weighted Mean Curvature
where Ric f is the Bakry-Émery Ricci curvature and A is the second fundamental form. is any weighted manifold, it follows from analogue arguments shown in the proof of Lemma 2.3, [25] . When f is a constant function, the first and second variation formula were given by Barbosa and do Carmo [3] and Barbosa, do Carmo and Eschenburg [4] .
is called the f -stability operator of the immersion x. In the f -minimal case, the f -stability operator is viewed as acting on F = C ∞ c (M ); in the case of the hypersurfaces with constant weighted mean curvature, the f -stability operator is viewed as acting on
Associated with L f is the quadratic form where the supreme is taken over all compact domains Ω ⊂ M. For more details, see [13] . We will demonstrate Theorem 1.3 and Theorem 1.4. To this, it is important to know the following inequality.
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